THE KING’S SCHOOL

Mathematics Extension 1

General Instructions

e Reading time - 5 minutes

e Working time - 2 hours

e Write using black or blue pen

e Board-approved calculators may be used

e Atable of standard integrals is provided at the
back of this paper

e All necessary working should be shown in
every question

Disclaimer

2010
Higher School Certificate

Trial Examination

Total marks - 84
. Attempt Questions 1-7

. All questions are of equal value

This is a Trial Higher School Certificate Examination only. Whilst it reflects and mirrors both the format and
topics of the Higher School Certificate Examination designed by the NSW Board of Studies for the respective
sections, there is no guarantee that the content of this examination exactly replicates the actual Higher School

Certificate Examination.
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Total marks - 84
Attempt Questions 1-7
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 1 (12 marks) Use a SEPARATE writing booklet. Marks

(a) Find j 2c0s°x dx 2

(b) When P(x) = X+ Ax + 24 is divided by x+ 1,theremainderis - 1.

Find the value of A. 2

(c) The gradients of two lines are J2 +1and 2 -1

Find the acute angle between the lines. 2

3x -1
X + 2

<3 3

(d) Solve the inequality

(e) f(x) = 2x - 7In(1 + x) = 0 hasarootnearx=7.

Use Newton’s method once to find a one decimal place approximation to this root. 3

End of Question 1
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Question 2 (12 marks) Use a SEPARATE writing booklet. Marks

(a) Find the positive integer n for which

357 - (1.05 + 1.05° + 1.05° + ... + 1.05") is approximately equal to zero. 3
10
(b) Evaluate J Lz dx
-10 25 + 16x
Give your answer in simplest exact form. 4
(c) (i) Show thatthe derivative of e_x(x + 1) is —xe " 1
"1
(ii) Use the substitution u = Inx to evaluate J n_2x dx 4
1 X
End of Question 2
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Question 3 (12 marks) Use a SEPARATE writing booklet. Marks

(a) Showthat lim SIR7X -7 2
x> 0sin4x 4
1 1 1 1 1
b) Let =|1+=||1+=||1T+=|... |1+ 1+ =
(b) Lee St ( 1)( zj( 3) ( n—J( nj
(i) Prove by mathematical induction for positive integers nthat f{n) = n + 1 3
(ii) Showthat f{n) = n + 1 without using induction. 1
(c) Let flx) = - sin (2x - 1)
(i) Find the domain of the function. 1
(ii) Sketch the graph of f{x) = - sin”" (2x - 1) 2
(iii) Find, in simplest form, the inverse function f_1 (x) and state its domain
and range. 3

End of Question 3
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Question 4 (12 marks) Use a SEPARATE writing booklet. Marks

(a) A particle is moving in simple harmonic motion on the x axis with acceleration
equation of motion givenby X = - 9(x + 1)

The particle is initially at the origin with velocity 3«/5

(i) State the period of the motion. 1
(ii) By integration, prove that V=9 (4 - (x + 1)2 ), where v is the velocity. 2
(iii) Find the amplitude A of the motion. 1

(iv) The displacement equation of motion is given by

x= -1+ Acos(nt + a),where n > 0 and —§<as§
Find a 2
(b) (i) Express sinf intermsof t = tan% 1
(ii) Solve the equation sin® + 2cos® + 2 =0, 0 < 0 < 2=
Give your solutions correct to two decimal places where appropriate. 3

() Let flx) = cos’ @

By finding f' (x), or otherwise, show that f{x) is an increasing function for all
values of x in its domain. 2

End of Question 4
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Question 5 (12 marks) Use a SEPARATE writing booklet. Marks

(a) A spherical balloon is deflating at a rate given by Ccll_lt/ = 4mnkr ,where Vis the

volume and r is the radius at any time t. kis a constant. The balloon remains

spherical at all times so that V = %nr3

(i) Prove that ar_ k 3
dt r
(ii) The balloon initially had a volume of 2304n cm® and it was deflated
completely after 6 seconds.
Find the value of k. 4
(b) Solve ( ") - n 1
2
) 2\ 19
(c) Find the term independent of x in the expansion of 2x (x + —Zj 4
X

End of Question 5
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Question 6 (12 marks) Use a SEPARATE writing booklet. Marks

(a) Abody with temperature 40° C is placed in a room of constant surrounding
temperature 20° C.

It is being heated at a constant rate of 1.6° C per second and is simultaneously
being cooled according to Newton'’s law of cooling.

Therefore, its temperature T° C at any time t seconds can be determined by

dr _ 1.6 + k(T - 20) , where kisa constant.

dt

When the body reaches a temperature of 100° C it remains at that temperature.

(i) Showthat k = - 0.02 1
(ii) Deduce that ‘;—Z = - 0.02 (T - 100) 1
(iii) Verifythat T = 100 + Ae” "% satisfies the differential equation in (ii). 1

(iv) Find, correct to the nearest second, when the temperature of the bodyis 80°C 3

Question 6 continues on the next page
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Question 6 (continued) Marks

(b) s

P (xo Yo)

A, p)

B(q qz)

A(p, pz) and B(q, qz) are two points on the parabola y = X*. The chord AB
makes the acute angle 0 with the x axis as in the diagram.

P(x,, Y,) isapoint on BA produced as in the diagram.

(i) Showthat tan® = p + ¢q 1

(ii) By finding the equation of the chord AB, show that y, = (p + q) x, - pq 2

(iii) Showthat PA = X =P 1
cos 9

(iv) Similarly, PB = Xo_—eq [ DO NOT SHOW THIS ]
COSs

Deduce that PA x PB = (x, - y,)(1 + (p + @)°) 2

End of Question 6
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Question 7 (12 marks) Use a SEPARATE writing booklet. Marks

(a) y

A particle is fired from P(0, 0) with speed v at an elevation of «.
g is the acceleration due to gravity.

The equations of motion are given by

X =0 y=-9
X = vcosa y = - gt + vsina
2
X =vcosat y = —g%+vsinat
[ DO NOT PROVE THESE ]

Let the particle reach its greatest height when t = T

(i) Showthat T = ¥SinC 1
g

Question 7 continues on the next page
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Question 7 (continued) Marks

2
Y sina
g

At the same time as the particle from P is fired, another particle is fired from Q
2

where PQ= L sina
g

The particles travel toward each other in the same vertical plane and collide at
the instant when they both reach their greatest height.

The equations of motion of the particle from @ are given by

X=0 y=-y9
. \% . vV ..
= -=CO0S = - gt + =sin
X 5 Cos P y gt + o sinfs
2
-V vV . t vV ..
= —cosPt + —sin = -g= + =sinft
x = SPeospe+ Lsina y= -g5+ Lsinp
[ DO NOT PROVE THESE ]
(ii) Provethat 2sina = sinf 1
(iii) Provethat 2cosa = 2 - cosP 2
(iv) Find the value of cos 3 2

Question 7 continues on the next page
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Question 7 (continued) Marks

(b)

Tangents are drawn from P to touch the circle at A and C. From P, a secant is
drawn to meet the circle at B and D.

Let AB=a BC=b CD =c DA =d

Let ZADB = o, ZABD = B

(i) Explainwhy ZPAB = a 1

)

B

(ii) Usethesinerulein AABD and AABP toshowthat = = — 3

a
d

e

(iii) Deduce that ac = bd 2

End of Examination Paper
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Standard Integrals

( +1 .
X' dx = 1 " nz_1 xz0ifn<o0
J n+1
R
1 _
=dx = In, x>0
J X
Jeaxdx = leax, a=0
a
(" 1
cos ax dx = —snax, a=# 0
) a
f 1
sin ax dx = —=cosax, a =# 0
J a
2 1, 0
sec“ax dx = panax a=
( 1
- =secax, a =0
Sec ax tan ax dx = a ,
o
(" -1
1 4 o L@™X ax o0
2 2 = a a
Joa + x
. -1
J 1 dx B smﬁ,a>0,—a<x<a
2 2 = a
a —X
1 2 2
J . 2dX = In(x+ X —a" ), x>a>0
X~ — a

In(x + A x> + a’ j

—
N
o
N
o
>
1

Note: Inx = log.x, x > 0
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